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Mathematical Optimization!

—— Numerical computation for a system designed
to make decisions based on yet unseen data
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%{ Choice of Prediction Function Family

Choice of prediction function family H:

» H should contain prediction functions that can achieve a low
empirical risk over the training set — Achieved by selecting a
rich family of functions.

» The gap between expected risk and empirical risk, i.e.

R(h) — Rn(h) should be small over h in H — Achieved by
uniform Law of Large Number. :gglR(h)—Rn(h)S(9<\/%log (%)+‘f’_§*1og (@D

» Should solve the corresponding optimization problem

Expected risk | R(w)= /R . ((h(z;w),y) dP(z,y) = E[l(h(z;w),y)].

Loss function @ N o

((h,y)

Empirical risk Rp(w) = %Zf(h(mi; w), ).
1=1




How to choose an optimal model?

Cross Validation Procedure Regularization

Mathematical Optimization:
Minimize Empirical Risk of the
prediction function h n

SRM(Structural risk minimization)

min ! ((h(zi;w,T),y:) + iHuH:;
Training Set ff_’> Viable candidates (w,r)ERIXR T <= -
_ \\___V_¥ l (. . |
estimate
- ~ @ ERM Regularizer

Samples => | Volidation Set Selected Function

(Empirical risk minimization) (convex)

by U

Add regularizer to avoid overfitting

Testing Set

Optimation method of solving ERM:
Batch vs. Stochastic Gradient Descent
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Overfitting:

If the predictive ability of the training data is pursued too much, the complexity
of the selected model is often higher than that of the real model, which is called
overfitting. It refers to the phenomenon that the selected model contains too
many parameters during learning, resulting in the model predicting well for
known data and poorly for unknown data.

This value of C here gives
the best guarantee for the
expected risk R(w).

Guaranteed expected risk R(w)

e
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Introduction to
Stochastic Differential
Equations(SDE)




Jé:k What is SDE?

Stochastic differential equations (SDEs) are a type of differential
equations used to model systems that exhibit random behavior. An
SDE typically takes the form:

dX = a(t, X)dt + b(t, X)dW,

» a(t, X)dt: drift term because it captures the average or
expected rate of change of the process X if no randomness
was involved.

» b(t,X)dW;: diffusion term because it scales the magnitude
of the randomness by the increment of W.

Numerical Solution of SDE:
e |t0’s formula
(Chain rule for SDE)
e Euler-Maruyama method
(Approximate solution of SDE)
Typical model: OU process
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Method 1: Ito's formula

If Y = £(t,X), then:

of of 10°f
dY = E(t,X)dt + a(t,X)dx + §W(t,X)dxdx

where the dx dx term is interpreted by using the identities:

dtdt = 0
dtdW; = dWidt = 0
thth — dt

Therefore after combining the SDE equation with it, we get:

OFf of 1 02 f OFf
df(t. X;) = (— t. X)— + =b%(t. X)—=)dt + b(t. X)—dW.
(8.X0) = (5, +a(t. X) o + Sb%(t, X) 5 5)dt + b(t. X) -~ dW,

Application:
Solve Black-Scholes DE
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Method 2: Euler-Maruyama Method

Special case: OU process

Given the SDE initial value problem

dX(t) = a(t, X)dt + b(t, X)dW; The OU process is a specific type of SDE that models
X=X mean-reverting behavior. It describes a stochastic process that
c tends to drift towards its long-term mean over time.
we compute the approximate solution as follows: Consider the Langevin equation:
wo = Xp dX(t) = —puX(t)dt + odW,
wit1 = wj + a(t;, wj) Aty + b(t;, wi) AWiyq where ;1 and o are positive constants. The solution of the

Langevin equation is a stochastic process called the
Ornstein-Uhlenbeck process. It was generated from an
Euler-Maruyama approximation, using the steps:

where

Atiy1 =tiy1— t;
AWi+1 — W(ti+1) — W(ti) wo = Xo
wit+1 = wj — pwilAti + c AW,

fori =1, ....n.



%4 Ornstein-Uhlenbeck Process

The Ornstein-Uhlenbeck process is a stochastic process that
satisfies the following SDE:

dXt — /‘C(@ — Xt)dt + O'th

where W; is a standard Brownian motion on t € [0,00). The
constant parameters are:

» k> 0 is the rate of mean reversion:
» @ is the long-term mean of the process;

» o > 0 is the volatility or average magnitude, per square-root
time, of the random fluctuations that are modeled as

Brownian motions.



Ornstein-Uhlenbeck Process

If we ignore the random fluctuations in the process due to d\/WV;,
then we see that X; has an overall drift towards a mean value 6.
The process X; reverts to this mean exponentially, at rate x, with
a magnitude in direct proportion to the distance between the
current value of X; and 6.

For any fixed s and t, the random variable X;, conditional upon
Xs, 1s normally distributed with:

mean = 6 + (Xs — 0)e *(t=9)

variance = 0—2(1 — e 2rlt=s))
2K
Observe that the mean of X; is exactly the value derived
heuristically in the solution of the ODE. The Ornstein-Uhlenbeck

process is a time-homogeneous [t6 diffusion.

6(t)

Ornstein-Uhlenbeck Process Simulation
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Figure 16: Simulation of OU process
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Stochastic Gradient
Descent(SGD)




The advantage of SGD vs Batch

The stochastic gradient descent (SGD) aims at minimizing a function through unbiased
estimates of its gradient. It is an optimization algorithm used primarily for training
large-scale machine learning models. It's a variant of gradient descent, where instead
of computing the gradient of the cost function using the entire dataset (as in batch
gradient descent), it computes the gradient using a small batch of samples.
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The Algorithm of SGD

Solving EMR using the standard gradient descent(GD) on x
gives the iteration scheme. First, define the gradient of f as for all

Vf(X) — ERda

Then we have the recursion
Xk+1 — Xk — an(Xk) = Xk — 77VE7 [ffy(Xk)]

for k > 0 and 7 is a small step-size known as the learning rate.
Simple form:
Xk+1 — Xk — ’/}foyk (Xk)

where each v, is an i.i.d random variable with the same
distribution as 7. We then have E[Vf,, (xx)|(xk)] = VEf(xk).

M
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SGD Simulation

We use the equation of ;11 = 0; — vx:((f¢, x¢) — y¢) to write a

Python code that simulates the SGD dynamics until time
t = 1000, with step-size v = 0.01, initialization g = 0, the zero
vector, #* =[0.1,—-0.2,1,0.5, —0.5] and ¢ = 0.1. We display the

test error curve upon time ||6; — 6,]|? for several runs of the

dynamics (meaning different data), and also display the two first
coordinates of (6¢): as well as the ones of #*.
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Figure 1: Simulation of test error curve
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Figure 2: Simulation of 0,
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- g :I'“'< SGD Simulation: variance increases
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SGD Simulation: step-size increases
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Figure 7: Test Error when
step-size bigger
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SGD Simulation: step-size decreases
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Figure 10: Test Error when

step-size smaller
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Figure 11: 0, when

step-size smaller
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%4 SGD Simulation: step-size depends on iteration
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What SDE model fits well with the SGD dynamics?
Answer: Stochastic Modified Equations(SME)

General solution of SDE:

ceeeeteeeeaeeeeeeneeeenrneeed dO; = b(t,0:)dt + o(t,0:)dB:,

If we apply the Euler-Maruyama discretization with step-size ~,
approximating Xy., by Xy, we obtain the following discrete
iteration:

Ott}_]_ — é\t — "}/b(t, é\t) -+ \/’_}/O'(t. é\t)Zk

where Zy := B 1)y — Bk are d-dimensional i.i.d standard normal
random variables. Stochastic Modified Equation:

match
parameters

Ory1 — 0t = —’VVL(et) T ’Y(VL(Ot) - VI(et))
erssssd )y = —VL(0,)dt + \/’Yz(e)dBt
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Explicit form of SDE: connection with OU Process

Simplify the covariance o(6) := \/~v0?2l4. Then the SDE becomes:

d0; = (—(0: — 0%)Id)dt + (\/v021d)dB;

Match each parameter with the OU process:

d@t — l<.',(9 — Ht)dt —+ O'th

We get:
» r=1.
» 6 = 0%, the long-term mean of the process matches 6*.
» o = /7y02, the volatility term matches the noise factor.

The mean of the process is E(6;) = 6* + (E(6g) — 6%)e~.

2
The variance of the process is Var(X;) = i (1 —e )

The process converges to Gaussian Distribution with mean 6* and

pleis

variance -5-, since the mean reversion term represents a force that

pulls the process back towards the mean 6* when 6; deviates from
It.




That s all for
today s
presentation!

Hope you had fun!
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