SDE MODELS FOR LEAST SQUARES SGD

Stochastic Differential Equations models for Least Squares
Stochastic Gradient Descent

Editor: Loucas Pillaud-Vivien, Selena Ge

This is the final report on the Stochastic Gradient Descent for Least-Square problems. The
link with continuous time dynamics such as Stochastic Differential Equations is introduced.
Keywords: Stochastic Gradient Descent, Stochastic Differential Equations, Least-Squares

Contents

Abstract

1 Set-up: Stochastic Gradient Descent on Least Squares Problems
1.1 The least square problem: population loss. . . . . . . ... ... .......
1.2 The stochastic gradient descent . . . . . . . . . ... ... ... ... ...

1.3

Simulations . . . ... ...

2 Continuous model of SGD
2.1 The requirement of a SDE model . . . . . .. ... ... .. .. .......
2.2 Explicit form of the SDE models . . . . .. ... ... ... .. .......
2.3 Simulation for the OU process through the Euler-Maruyama method . . . .

3.1
3.2
3.3
3.4

3.5

3.6

Appendix

Stochastic Differential Equations . . . . . . . .. . ... ... ... .....

Numerical Methods for SDE

Empirical risk minimization(ERM) . . . . . . ... ... ..o 0oL
Stochastic Modified Equations . . . . . . .. ... ... ... ...

3.4.1 Heuristic motivations
Ornstein-Uhlenbeck process
3.5.1 Definition . . . . . .

3.5.2 Mean-reverting property . . . . . .. ...

3.5.3 Solution . . .. ...
Python code for simulations

ot w NN

— © o

12
14
15
15
15
17
17
17
17
18



SDE MODELS FOR LEAST SQUARES SGD

1 Set-up: Stochastic Gradient Descent on Least Squares Problems

In this section, we introduce the least squares problem that we consider throughout the
article. The stochastic gradient descent is introduced at the end of the section.

1.1 The least square problem: population loss.

We consider a regression problem with random input/output pair (X,Y) € R? x R dis-
tributed according to the joint law p. More specifically, the input X is distributed according
to a d-dimensional Gaussian vector N (0, I;). For the output, we assume that there exists
0* € R% and ¢ ~ N(0,0?) a Gaussian random variable independent of X of mean zero and
variance o2, such that Y = (#*, X) +¢. To learn the rule linking inputs to outputs, we take
a linear family of predictors {fy : = — (0, 2), § € R} and aim at minimizing the average

square loss on the penalty (6, (X,Y)) = ((6,X) — Y)2

L) = 3By [(10.X) - ¥)7] (1)

where p is the joint law of (X,Y).

1
Lemma 1 We have for all § € RY, the equality L(0) = 3 <H9 — 0% + 02).

Proof
1 27
L(0) = SE(xy)p | (6, X) =)

1 2

= SEx~n 0.0 Ee~n 00 | (6, 0, X) +€))°]
1 . )

= SEco~voa B0 | (10 -0, X) - &)’
1 . )

= iE(X)NN(O,Id)E(ﬁ)wN(O,GQ) _<9 —0 ,X> — 2{ <9 —0 ,X> + 62]

1 1
= §E(X)~N(0,Id) [(9 — 0", X)ﬂ + EE(QNN(O,UQ) [52} , since X and & are independent

1 1
=3 160 — 6% + 502, since X is a Gaussian variable, E[(§ — 6, X)?] = |0 — 6*|)°

1 *
:§(|!9—9 1> + 0%

Remark 2 If we knew 6%, We could use a technique called gradient descent to solve the
minimization problem ming L(6).
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1.2 The stochastic gradient descent

The stochastic gradient descent (SGD) aims at minimizing a function through unbiased
estimates of its gradient. While this method has been developed for a different purpose in the
early 50’s (Robbins and Monro, 1951), it is remarkable how SGD fits perfectly the modern
large-scale machine learning framework (Bottou et al., 2018). Indeed, the SGD iterative
procedure corresponds to sample at each time ¢t € N* an independent draw (z¢, y¢) ~ p and
update the predictor # with respect to the local gradient calculated on this sample:

Or11 = 0r — YVl (0r, (x4, y1)), (2)

where v > 0 is the step size. This method only rests and having access data
((z1,y1)s- .. (xt,yt)), this is the reason why it is so popular in data science!

Remark 3 Vyl(0;, (x4, ;) is an unbiased estimate of VoL (6;). .

Proof We know that £(0, (X,Y)) = ((0,X) — Y)Q. Vol(0s, (we,yt)) = 22 (Or, me) — ye).

E(Vol(0y, (x4, 1)) = Elze ( (0, 2) — ye)]
= E[z: ({6, -Tt> —y+&—9)]
= E[z:((0¢ — 0%, 21) — §)]
= E[:Ut(et 0 mt>] —2E(x¢ - §)
= E[z; -zl - (8 — 6%)], since x is independent of &
=E[z; -z ]( —07)
=60y —0"

Also, L(0%) = $E(x vymp [ (10, X) = V)°]

VL) = SE(xy)pl2X - (60 X) = V)
= Ex,y)mp[X - (0, X) — (07, X) — §)]
=Ex,y)~plX - (6 — 07, X) — §)]
=E[X - (0: — 0", X)] - E[X - {]
=E[X -XT. (6, -6
=E[X - XT]. (6, — 6%), since x is independent of ¢
=0, — 0"
Therefore E[V@f(et, (ZEt, yt))] = V@L(Qt) = Gt - 0* |

1. We say that a random variable X is an unbiased estimate of a vector z, if E(X) =z
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Online SGD. The iteration Eq. (2) corresponds to what is refer to as online SGD in the
literature. In this case, for each time ¢t € N*, we have an independent draw (z¢,y;) ~ p.

Lemma 4 The explicit form of the derivation of Eq. (2) for least-squares is
Ory1 = 0 — vz ((Or, 2¢) — Y1)

Proof We take V(;E(Ot, (l‘t, yt)) == It( <0t,3§‘t> - yt) in Eq (2) |

A convenient way to present these dynamics is to force the apparition of the true gradient
and rewrite the rest as a noise (or martingale increment). Indeed

Lemma 5 The SGD recursion reads
Orr1 = 0 — y(0r — 0x) +ym(O, (24, 91)) (3)
where m(0y, (¢, y¢)) == E, [((0, X) = Y) X] — (O, x1) — ye) x4

Proof From lemma 4, we have 6,41 = 0 — v ({0, ze) — yt)-
The first term in m(6, (x4, y:)) is the gradient of L(6;) which is equal to 6; — 6*.
Therefore m(0y, (x¢,yr)) = 0y — 0° — x4((Or, x¢) — yt)-

0 = 1(0 = 07) + ym(Or, (21,11)) = 0 = 4(0 — 0%) + [0 — 0" — ({60, 1) — v1)]
=0 — v ((Or, 0) — yt)
=0 — yr ({0, ze) — yt)

=t

|

Lemma 6 In equation (3) the variable m(0y, (x1,y;)) is centered.?

Proof From Lemma 5 we know that

m(9t7 (xtuyt)) = EP [(<0t)X> - Y) X] - (<49t7517t> - yt) Lt
=E,(Z) - Z, if we define Z := X ((0;, X) - Y)
Then E(m) =E(E(Z)) — E(Z) = E(Z) — E(Z) = 0.
= m is centered. u

2. We say that a random variable X is centered if E(X) = 0.
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1.3 Simulations

We use the equation of Lemma 4 to write a Python code that simulates the SGD dynamics
until time ¢t = 1000, with step-size v = 0.01, initialization 6y = 0, the zero vector, §* =
[0.1,-0.2,1,0.5,—0.5] and o = 0.1.

(i) Display the test error curve upon time ||§; — 6.||? for several runs of the dynamics
(meaning different data).

0.6

0.5

0.4

0.3 A

0.2

0.1 A

0.0 1

0 200 400 600 800 1000

Figure 1: Simulation of test error curve

The test error drops to approximately 0 around t=200. This means the SGD dynamics
become convergent around t=200.

(ii) Display the two first coordinates of (6;); as well as the ones of 6*.

0.20 1 0.05 4
0.15 1 0.00 4
0.10 —0.05 1
0.05 1 —0.10 1
0.00 1 —0.15 4
—0.05 4
—0.20
—0.10 1
-0.251
—-0.15 T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
Figure 2: Simulation of 6; Figure 3: Simulation of 65

(iii) Change the variance o to 1 or even 3: it fluctuates more when o become higher.
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0.6
0.2
0.5 0.4
0.0
0.4
0.2
0.3 -0.2
0.0
0.2 -0.4
0.1 -0.2
-0.6
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Figure 4: Test Error Figure 5: Simulation of 6 Figure 6: Simulation of 65
when o =1 when o =1 when o =1

(iv) When the step size is 10 times bigger, it explodes since the gradient changes too far

each time.
s le153 1e307 1e307
1
0.0
4 )
34 -0.5
-1
2 -1.0
-2
1 -15
-3
) -2.0
[ 50 100 150 200 250 o 200 400 600 800 1000 o 200 400 600 800 1000
Figure 7: Test Error when  Figure 8: 61 when Figure 9: 62 when
step-size bigger step-size bigger step-size bigger

When the step size is 10 times smaller, it moves slowly but we can see that it becomes
more accurate after convergence.

0.15
0.6
0.20 o010
0.5
0.05
0.4 0.15
0.00
o3 010 |.!-'LA'MM N -0.05
0.2 -0.10
0.05
0.1 -0.15
0.0 0.00 -0.20
0 200 400 600 800 1000 [ 200 400 600 800 1000 o 200 400 600 800 1000
Figure 10: Test Error when Figure 11: 6; when Figure 12: 05 when
step-size smaller step-size smaller step-size smaller
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(v) Change the step size to make it depend on the iterations: v = 0.1/t. The simulation
balanced between accuracy and velocity.

08 k 0.0 rie-
0.0

0.6

0.4 -0.5

0.2 -1.0

0.0

0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 13: Test Error:
Improved Figure 14: 6,: Improved Figure 15: 65: Improved
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2 Continuous model of SGD

In this section we give stochastic differential equations (SDE) models for SGD. For the
first time, we provide general necessary conditions to model well SGD. We instantiate them
more precisely in a second time.

2.1 The requirement of a SDE model

As said above, the decomposition of the SGD recursion as in equations (3) is generic feature
of the stochastic descent (Benaim, 2006), as it has led to the celebrated ODE method (Harold
et al., 1997) to study stochastic approximation of this type. Going further, this decom-
position between a drift VL and local martingale term m(-, (z,y)) is reminiscent of the
decomposition occurring for It6 processes, i.e. solution to an SDE of the type

d@t = b(t, Ht)dt + O'(t, Ht)d,Bt, (4)

where (B;);>0 is a Brownian motion of RY. These types of models have been largely studied
in the literature (Khasminskii, 2011), as, beyond their large modeling abilities, they offer
useful tools, e.g. Itd calculus, when it comes to mathematical analysis. One of the aims
of this article is to link the SGD dynamics to processes that are exemplary in the SDE
literature. In order to establish this link, we first have to answer the following question

What SDE model fits well with the SGD dynamics?

This question has received a lot of attention in the last decade, and a good principle to
answer this is to turn to stochastic modified equations (Li et al., 2019). This is a natural
way to build models of SDE since they are consistent in the infinitesimal step-size limit
with SGD. In order to build such a model, there are two requirements

Remark 7 After reading (Li et al., 2019, Section 3.1), we conclude that
(i) The drift term b(t,0;) should match [~V L(0;)].
(1) The noise factor o should have the same covariance as [yNV L(6;)], i.e.

HEI(VL(0:) — VI(0:))(VL(0:) — VI(6:)"(6:].]
Proof From equation (1), we know that
1 2
L(B) = LBy enl(< 02> 7))

Its gradient has already been computed before in Lemma 3, which is:

0; — 0
VoL (6;) = (0; — 0*)Id = : e R4,
0; — 6*
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From equation(3) in the tutorial we have:

Ort1 — 00 = —y(0r — 07) +ym (04, (x4, 1))
= —’VVL(Gt) + ’7( ((< et,ﬂft > yt)xt) (< Qt,l‘t > —yt)a:t)
= —YVL(0:) +v(VL(6:) — VI(6;))

where 1(0) = 2(< 0y, 20 > —yp)?.
Considering equation (4) in the tutorial, which is:

d@t = b(t, Gt)dt + O'(t, Ht)dBt

If we apply the Euler-Maruyama discretization with step-size v, approximating Xy, by Xk,
we obtain the following discrete iteration:

Ori1 — 0 = Yb(t, 0;) + /yo(t,0,) Zy (5)

where 7}, := B(k:+1)7 — By, are d-dimensional i.i.d standard normal random variables.
Matching equation (5) with the previous deduction of equation (3), we know that:

(i) The drift term b(¢, 6;) should match —V L(8;).

(ii) The noise factor o should have the same covariance as YVL(6;), i.e. yE[(VL(6;) —
VI(0:)(VL(0;) — VI1(0;)T|6;]. This means o(t,0;) = /72(0).

Then df; = —V L(6;)dt + /7vX(0)dB;. [ |
Besides technical assumptions, these are the two requirements presented in Li et al. (2019,
Theorem 3) to show that the SDE model is consistent in the small step-size limit with the
SGD recursion.

2.2 Explicit form of the SDE models

Let us first write explicitly the multiplicative noise factor o(t,6;) in the population case.
Then, we derive the expression of the SDE models that we analyze later. In the population
case, the calculation has already been made in Ali et al. (2020) and, defining rx(0) =
(0, X) — Y € R, the residual random variable, then we have that

o(t,0)0(t,0,)7 =~ (Ep [Tx(etfxxﬂ —E, [rx(6,)X]E, [rX(Ht)X]T) .

Let us simplify the covariance and assume that for all § € R¢,

= /o2l (6)
We hence study the SDE.

Lemma 8 The derivation of the SDE with the simplification given by Eq. (6) is

0, = —VL(0;)dt + /v (0)dB; = (— (0, — 0*)Id)dt + (\/7o2Id)dB,

Lemma 9 Fach coordinate of 0; satisfy an Ornstein-Uhlenbeck with parameters that can
be specified.
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Proof In the SDE model, we have:
dfy = (— (0 — 0%)Id)dt + (\/~o?1d)dDB; (7)

To show that each coordinate of 6, satisfies an Ornstein-Uhlenbeck process, we need to match
each parameter in this SDE with the standard form of an Ornstein-Uhlenbeck process:

d@t = /{(9 — Qt)dt + O'th (8)

Matching equation (7) and equation (8), we have:
o x=1.
e O = 0% the long-term mean of the process matches 6*.

e 0 = \/v02, the volatility term matches the noise factor.

|

For concise information on the Ornstein-Uhlenbeck process, visit the following link:
https://planetmath.org/ornsteinuhlenbeckprocess.
Remark 10

The mean of the process is E(6;) = 0* + (E(6p) — 6%)e™". (9)

o

The variance of the process is Var(Xy) = 7(1 —e ) (10)

Proof

dE(0,) = k(0 — E(6,))dt

This is an ODE in E(6#;) which can be solved to give:
E(0;) = 0* + (E(6) — 6%)e "

The variance of the process can be found by solving another differential equation. The
variance is given by:

Var(0,) = E(67) — E(6,)*
To find E(#?), we use Ito’s formula and the fact that dW? = dt to set up an ODE for it:

d
@E(Gf) = 2kE(0;) — 2kE(67) + o
Solving the ODE and plugging in the corresponding parameters gives:
2
Var(X,) = L-(1 - )

Remark 11 The process converges to Gaussian Distribution with mean 0* and variance

%’2, since the mean reversion term represents a force that pulls the process back towards
the mean 0* when 0, deviates from it.

10
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2.3 Simulation for the OU process through the Euler-Maruyama method

Ornstein-Uhlenbeck Process Simulation

— 0.1t
LT — gop
— 830
0.8 4 —— 6.4(t)
— o5
0.6
0.4
S 0.2
0.0
-0.2 1
~0.4
_0'6 = T T T T T T
0 20 40 60 80 100

Interations t

Figure 16: Simulation of OU process

11



SDE MODELS FOR LEAST SQUARES SGD

3 Appendix

3.1 Stochastic Differential Equations

1. Definition [Continuous-time stochastic process]: A set of random variables X;
indexed by real numbers ¢t > 0. Each realization of the stochastic process is a choice
from the random variable X; for each t, and is, therefore, a function of ¢. Any
(deterministic) function f(¢) can be trivially considered as a stochastic process, with
variance V(f(t)) = 0.

2. Definition[Wiener process W;]: the formalization of Brownian Motion which defines
the scaling limit of random walks as the step size and time interval between steps both
goes to zero. Usually used to represent random, external influences on an otherwise
deterministic system.

e For each t, the random variable W; is normally distributed with mean 0 and
variance t. i.e. Wy — W, ~ N(0,t — s).

e For each ¢; < t2, the normal random variable Wy, — W, is independent of
the random variable W, , and in fact independent of all Wy, 0 <¢ < ;.

e The Wiener process W; can be represented by continuous paths.

3. Definition [Diffusion process|: a differential equation involving deterministic, or
drift terms, and stochastic, or diffusion terms.
The first term below is the drift term, and the latter term is the diffusion term, where
X represents the stochastic process we are interested in, and W represents the Wiener
process:
dX = a(t, X)dt + b(t, X)dW; (11)
e a(t, X)dt: drift term because it captures the average or expected rate of change
of the process X if no randomness was involved.

o b(t, X )dW;: diffusion term because it scales the magnitude of the randomness
by the increment of W.

Eq (11) is given in differential form, which is continuous but not differentiable. The
meaning of Eq (11) is, by definition:

X(t) :X(O)—F/0 a(s,y)ds+/0 b(s,y)dWs

4. Method to solving Eq (11) [Ito’s formula]: the chain rule for stochastic differentials
introduced to find the differential of a function of a stochastic process.
IfY = f(t, X), then:

of of 10%f
dY = —(t, X)dt + == (t, X)dzr + - —5(t, X )dzd
(4 X)dt+ S0 X+ 52 (1 X dada
where the dx dx term is interpreted by using the identities:
dtdt =0
AW dW, = dt

12
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Therefore after combining Eq(11) with it, we get:

df(t,Xt):(%+ a(t, X)%-F b (t, X) =5

0% f
o2

of

X _J
)t + b(t, X) 5= dW,

5. Let c =ty <7y < ..<tp_1 <ty,=d bea grid of points on the interval [c,d].

e [Riemann integral]: fcdf(:r)dac = lima¢—0 > iy f(t)At;, where Aty = t; —
ti—1 and t;_; < t; < t;. Here t; may be chosen at any point in the interval
(ti_l,ti).

e [Ito’s integrall: fcd f()dW; = limars0 > iy f(tZ 1)AW;, where AW,; = W,, —
W4, _,. Here t; must be the left endpoint of (¢;—1,t;). Since f and W are random
variables, so is the Ito’s integral [ = fcd f(t)dWy, thus:

:/Cddet

dI = fdw,

is expressed in differential form as

where dW; is called white noise. A typical solution is a combination of drift and
the diffusion of Brownian motion.

6. Example [Black-Scholes DE]: with constant y and o

X(0) = X (12)

{dX = uXdt + o XdW,
The solution is geometric Brownian Motion:

X(t) = Xoe(“_ L1o2)t+ow,

To check this, write X = f(t,Y) = Xoe¥, where Y = (u — 50 2t + oW;. By Ito’s
formula:

dX = Xoe" dY + %ededY
Where dY = (u— 50 2)dt+odW,. Using the differential identities from the Ito formula,
dYdY = o*dt
and therefore

1 1
dX = Xoey(u — 502)dt + Xoe¥ odW,; + iazeydt

= Xgey,udt + X()GYO'th
= pXdt + o XdW;

13
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3.2 Numerical Methods for SDE

1. Method of solving equation (11) [Euler-Maruyama method]: To develop an ap-
proximate solution on the interval [c,d], assign a grid of points ¢ = tg < t; < t2 <
. < tp = d. Approximate x values wy < w1 < wo < ... < wy will be determined at
the respective t points. Given the SDE initial value problem

dX(t) = a(t, X)dt + b(t, X)dW;
X(c) =X,

we compute the approximate solution as follows:

wo = XO
Wil = wi + a(ts,w;) Atir1 + b(t;, wi)) AWy

where

Atiyg =tig1 —t;
AWZ‘_;,_l = W(ti_H) — W(tz)

How to model AW;: Define N(0,1) to be the standard random variable that is normally
distributed with mean 0 and standard deviation 1. Each random number AW; is

computed as
AWi = Zi\V Ati

where z; is chosen from N(0,1).

In the first example, we show how to apply the Euler-Maruyama method to the
Black-Scholes SDE(12). The Euler-Maruyama method (11) have form

wo = Xo
wit1 = w; + pwAt; + ow; AW;

As another example,consider the Langevin equation:
dX (t) = —uX(t)dt + odW;

where 1 and o are positive constants. The solution of the Langevin equation is a
stochastic process called the Ornstein-Uhlenbeck process. It was generated from
an Euler-Maruyama approximation, using the steps:

wo = X()
Witl = w; — Hw;iAt; + o AW

fori =1, ...,n.

14
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3.3 Empirical risk minimization(ERM)
min f(x) := Ey [fy(z)]
r€ER?

where f, : 7 € I' is a family of functions from R? to R and 7 is a I'-valued random variable
w.r.t which the expectation is taken. Stochactis gradient algorithms(SGA) are often
used to solve optimation problems of ERM.

Solving EMR using the standard gradient descent(GD) on x gives the iteration scheme.
First, let us define the gradient of f as for all x = (z1,...,24) € R? foralli=1...d,

azlf(:(}l, .. .,xd)
Vf(x) = : e R,
Opy f(T1,...,2q)

Then we have the recursion

Tpy1 = o — NV f(2r) = vp — VE, [f, (21)] (13)

for £ > 0 and 7 is a small positive step-size known as the learning rate.
In its simplest form, the stochastic gradient descent(SGD) algorithm replaces the
expectation of the gradient with a sampled gradient, i.e.

Tpy1 = T — NV [y, (T1) (14)

where each vy is an i.i.d random variable with the same distribution as v. We then have
E[Vf,, (xr)|(z)] = VEf(zk). So (14) is a sampled version of (13)

3.4 Stochastic Modified Equations
dzx

- =V f(z)

3.4.1 HEURISTIC MOTIVATIONS
1. rewrite equation (14) as
Tp1 = o — NV fr, (T1)
=2k — 0V fy, () + 0V (@) — 0V f(2k)
=z =V f(zr) + By [fy, (2r)] = VI, (21))
ViV

This means

Tp+1 =z — NV f(@r) + V/nVi(Tk, 1) (15)
where Vi(zr, ) = n(Vf(xr) — Vfy,(2r)) is a d-dimensional random vector. A
straightforward calculation shows that:

E[Vi|zi] =0
Cov[Vilex] = nS (k) := E[(V fy, (xk) — V(@) (V fo (@1) — VI ()T ]

i.e. conditional on z, Vi(z)) has 0 mean and covariance 1) (xy). Here ) is simply
the conditional covariance of the stochastic gradient approximation V f, or Vf.

15
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2. Now consider a time-homogeneous Ito stochastic differential equation (SDE) of the
form

dXt = b(Xt)dt + \/ﬁU(Xt)th

where X; € R? for t > 0 and W, is a standard d-dimensional Wiener process. The
function b: R? — R is known as the drift term, and ¢ : R — R%*? is the diffusion
matrix. If we apply the Euler-Maruyama discretization with step-size 7, approximat-
ing Xy, by X &, we obtain the following discrete iteration:

X;;H =X, + T]b(Xk) + na(Xk)Zk

where Z := W4 1), — Wiy are d-dimensional i.i.d standard normal random variables.

Comparing with equation(15), if we set b = =V f, o(z) = E(x)%, and identify t
with kn, we then have matching first and second conditional moments. Hence, this
motivates the approximating equation

dX, = —Vf(X,)dt + (2(X,))2dW;

Note that as this heuristic argument shows, the presence of the small parameter /1 on
the diffusion term is necessary to model the fact that when the learning rate decreases,
the fluctuations to the SGA iterates must also decrease.

16
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3.5 Ornstein-Uhlenbeck process
3.5.1 DEFINITION

The Ornstein-Uhlenbeck process is a stochastic process that satisfies the following SDE:
dX; = k(0 — Xy)dt + odWy (16)
where W, is a standard Brownian motion on ¢ € [0,00). The constant parameters are:
e k> 0 is the rate of mean reversion;
e 0 is the long-term mean of the process;

e o > 0 is the volatility or average magnitude, per square-root time, of the random
fluctuations that are modeled as Brownian motions.

3.5.2 MEAN-REVERTING PROPERTY

If we ignore the random fluctuations in the process due to dW;, then we see that X; has an
overall drift towards a mean value 8. The process X; reverts to this mean exponentially, at
rate k, with a magnitude in direct proportion to the distance between the current value of
X; and 6.

This can be seen by looking at the solution to the ordinary differential equation dz; =
k(6 — x)dt which is:

0 — x4 _ e—m(t—to)7 or ;= 0+ (zg — H)G—H(t—to)

9—1’0

For this reason, the Ornstein-Uhlenbeck process is also called a mean-reverting process,
although the latter name applies to other types of stochastic processes exhibiting the same
property as well.

3.5.3 SOLUTION

The solution to the stochastic differential equation (16) defining the Ornstein-Uhlenbeck
process is, for any 0 < s <'t, is:

t
X, =0+ (X, —0)e "9 4o / et aw,
S

where the integral on the right is the 1t integral.

For any fixed s and ¢, the random variable X;, conditional upon Xy, is normally distributed
with:

mean = 0 + (X, — 0)e (=)
2

o
. =~ (1- —2k(t—s)
variance 2/£< e )

Observe that the mean of X is exactly the value derived heuristically in the solution of the
ODE. The Ornstein-Uhlenbeck process is a time-homogeneous It6 diffusion.
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3.6 Python code for simulations

Listing 1: Simulation code for section 1.3

import matplotlib.pyplot as plt
import numpy as np
import random

class least_square():
def __init__(self,t:int,gamma:float,gamma_on_iteration:bool,
theta:1list,theta_star:list,sigma:float) -> None:
self.t = t
self . gamma = gamma
self.on_iteration = gamma_on_iteration
self.theta = theta
self.theta_star = theta_star
self .sigma = sigma
self .temp_step = 0
self.data = []
self.err = []
self.theta_1
self.theta_2

(]
(]

def generate_data(self):
for _ in range (self.t):

piece_data = []

y =0

for dimension in self.theta_star:
x = random.random () *5 #assume the = is scatter in

range (0,5)

piece_data.append (x)

y =y + x * dimension
y = y + random.gauss (0,self.sigma) #y = \theta * \cdot =z
+ \zt where \zi ~ N(0,\sigma)

self .data.append([piece_data,yl)
print ("finish,generating, %d, pieces of data" %(self.t))

def _inner_product (self ,x1:1list,x2:1ist) -> float: # np.dot (z1

,T2) 1s better.

if (len(x1)!'=len(x2)):
print("dimensionunotumatchuwithutheufirstu%d,andutheu

second%d" %(len(x1l),len(x2)))

else:
result = 0
result = np.dot(x1l,x2)

return result

def _2_norm(self,xl:1list,x2:1ist) -> float: # 0.5 * np.linalg.

norm(zl - x2)
if (len(x1)!=len(x2)):
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print("dimensionunotumatchuwithutheufirstu%d,andutheu

second%d" %(len(x1),len(x2)))
else:

result = 0

# print (z1)

# print (z2)

# print (z1-z2)

result = 0.5 * np.linalg.norm(x1-x2) #Check if there <s
a square missing

# print (result)

return result

def _update_theta(self,coefficient:float,x:1list):
for i in range(len(self.theta)):
self.theta[i] = self.theta[i] - coefficient * x[i]

def iter(self):
if (self.on_iteration):
for i in range (self.t):
x = self.datal[i][0]
y = self.datali][1]
product = self._inner_product (theta,x)
coefficient = 2 * self.gamma/(i+1) * (product - y)
self. _update_theta(coefficient ,x)
self .err.append(self._2_norm(theta,theta_star))
self .theta_1.append(self.thetal[0])
self .theta_2.append(self.thetal[1])

CHESIER

for piece in self.data:
x = piece[0]
y = piece[1]
#theta_{t+1} = theta_t - 2gamma(<theta_t,z_t>-y_t)

z_t, in particular, 2 s always ignored.

product = self._inner_product (theta,x)
coefficient = 2 * self.gamma * (product - y)
self. _update_theta(coefficient ,x)
self .err.append(self._2_norm(theta,theta_star))
self.theta_1.append(self.theta[0])
self .theta_2.append(self.thetal[1])
#print (coefficient)
#print (theta)

def show_err (self):
plt.plot (self.err)
plt.show ()

def show_thetal (self):
theta_1_star = [self.theta_star[0] for
plt.plot (self.theta_1)

in range (self.t)]
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plt.plot(theta_1_star)
plt.show ()

def show_theta2(self):
theta_2_star = [self.theta_star[1] for _ in range(self.t)]
plt.plot(self.theta_2)
plt.plot(theta_2_star)
plt.show ()

#(i) and (i1)
if __name__ == ’__main__":
theta = np.zeros(5) #/[0. ,0. ,0.,0. ,0.]
theta_star = [0.1,-0.2,1,0.5,-0.5]
my_ls = least_square(1000,0.01,False,theta,theta_star ,0.1)
my_ls.generate_data ()
print (len(my_1ls.data)) #1000
my_ls.iter ()
print (my_1ls.theta)
my_1ls.show_err ()
my_1ls.show_thetal ()
my_1ls.show_theta2 ()

#(717) change to 1: it fluctuates more
if __name__ == ’__main__"’:
theta = np.zeros (5)
theta_star = [0.1,-0.2,1,0.5,-0.5]
my_ls = least_square (1000,0.01,False,theta,theta_star,1)
my_ls.generate_data ()
print (len(my_1ls.data)) #1000
my_ls.iter ()
print (my_1ls.theta)
my_ls.show_err ()
my_ls.show_thetal ()
my_1ls.show_theta2 ()

#(717) change to 3: it fluctuates more and more
if __name__ == ’__main__"’:

theta = np.zeros (5)

theta_star = [0.1,-0.2,1,0.5,-0.5]

my_ls = least_square(1000,0.01,False,theta,theta_star,b3)

my_ls.generate_data ()

print (len(my_1ls.data)) #1000

my_ls.iter ()

print (my_1ls.theta)

my_ls.show_err ()

my_1ls.show_thetal ()

my_1ls.show_theta2 ()

#(iv) change to 10 times bigger: it ezplodes
if __name__ == ’__main__"’:
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theta = np.zeros (5)

theta_star = [0.1,-0.2,1,0.5,-0.5]

my_ls = least_square (1000,0.1,False,theta,theta_star ,0.1)
my_ls.generate_data ()

print (len(my_1ls.data)) #1000

my_ls.iter ()

print (my_1ls.theta)

my_ls.show_err ()

my_1ls.show_thetal ()

my_1ls.show_theta2 ()

#(iv) change to 10 times smaller: 4t moves slowly

if __name__ == ~’ main

theta = np.zeros (5)

theta_star = [0.1,-0.2,1,0.5,-0.5]

my_ls = least_square(1000,0.001,False,theta,theta_star ,0.1)
my_ls.generate_data ()

print (len(my_1s.data)) #1000

my_ls.iter ()

print (my_1ls.theta)

my_ls.show_err ()

my_1ls.show_thetal ()

my_ls.show_theta2 ()

J .

#(v)
if __name__ == ’__main__
theta = np.zeros (5)
theta_star = [0.1,-0.2,1,0.5,-0.5]
my_ls = least_square (1000,0.5,True,theta,theta_star ,0.1)
my_ls.generate_data ()
print (len(my_1ls.data)) #1000
my_ls.iter ()
print (my_1ls.theta)
my_ls.show_err ()
my_1ls.show_thetal ()
my_1ls.show_theta2 ()

) .
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Listing 2: Simulation for section 2.3

import numpy as np
import matplotlib.pyplot as plt

# Parameters for the 0OU process

theta_star = np.array([0.1, -0.2, 1, 0.5, -0.5]) # Long-term mean

sigma = 0.1 # Standard deviation

gamma = 0.01 # Step-size

theta_0 = np.zeros(len(theta_star)) # Initial condition (zero
vector)

t_final = 100 # Final time

dt = 0.01 # Time step

# Time steps
timesteps = int(t_final / dt)

# Initialize the array to store the theta values
theta = np.zeros((timesteps + 1, len(theta_star)))
theta [0] = theta_0

# Simulate the OU process
for t in range(l, timesteps + 1):
dW = np.sqrt(dt) * np.random.normal (0, 1, len(theta_star)) #
Brownian motion
theta[t] = thetalt-1] + 0.1 * (theta_star - thetal[t-1]) * dt +
np.sqrt (gamma * sigma**2/2) * dW #Equation from Ez10

# Plotting the result

plt.figure(figsize=(12, 6))

for i in range(len(theta_star)):
plt.plot(np.linspace (0, t_final, timesteps + 1), thetal:, il,

label=f" _ {i+1}(t)")

plt.title("Ornstein-Uhlenbeck Process Simulation")

plt.xlabel ("Interations t")

plt.ylabel (" (t)")

plt.legend ()

plt.grid (True)

plt.show ()
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