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lllustration of Stochastic Gradient Descent
Image source: Ghosh et al. (2020), An Empirical Analysis of Generative Adversarial Network
Training Times with Varying Batch Sizes. DOI: 10.1109/UEMCON51285.2020.9298092.

/\ Forward SDE (data — noise)
x(ODi dx = f(x,t)dt + g(t)dw 4>@
-

o score function
dx = [£(x,t) —yz(t)gxIngv(X).‘ dt + g(t)dw —@

Reverse SDE (noise — data)

lllustration of Score-based Generative Models with SDE
Image source: Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar,
Stefano Ermon, and Ben Poole. Score-based generative modeling through stochastic
differential eauations arXiv oreorint arXiv:2011 13456v2 2020
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1. Introduction to Stochastic
Differential Equations(SDE)

» Clarification of SDE related concepts
* Numerical Methods of Solving SDE
lto’s formula, Euler-Maruyama method

» Special SDE cases

Black-Scholes, Ornstein-Uhlenbeck Process




760!‘?( What is SDE?

Stochastic differential equations (SDEs) are a type of differential
equations used to model systems that exhibit random behavior. An
SDE typically takes the form:

dX = a(t, X)dt + b(t, X)dW,

» a(t, X)dt: drift term because it captures the average or
expected rate of change of the process X if no randomness
was involved.

» b(t, X)dW;: diffusion term because it scales the magnitude
of the randomness by the increment of W.

Numerical Solution of SDE:
* Ito’s formula

(Chain rule for SDE)

Typical model: Black-Scholes
« Euler-Maruyama method

(Approximate solution of SDE)
Typical model: OU process



%A‘?{ Ornstein-Uhlenbeck Process

If we ignore the random fluctuations in the process due to dW,
then we see that X; has an overall drift towards a mean value 6.
The process X; reverts to this mean exponentially, at rate k, with
a magnitude in direct proportion to the distance between the
current value of X; and 6.

For any fixed s and t, the random variable X;, conditional upon
Xs, is normally distributed with:

The Ornstein-Uhlenbeck process is a stochastic process that
satisfies the following SDE:

dXt — f'i',(ﬁ — Xt)dt + ()'th

where W; is a standard Brownian motion on t € [0,00). The
constant parameters are: mean = 0 + (Xs — 0)e ")

» k > 0 is the rate of mean reversion; )
g (l—e 2k(t s))

» () is the long-term mean of the process; variance = P [
» o > 0 is the volatility or average magnitude, per square-root Observe that the mean of X; is exactly the value derived
time, of the random fluctuations that are modeled as heuristically in the solution of the ODE. The Ornstein-Uhlenbeck
Brownian motions. process is a time-homogeneous It6 diffusion. }
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2. The connection between
Stochastic Gradient Descent
(SGD) and SDE

 What & Why SGD

» Connect SGD with SDE: Stochastic modified equations(SME)
l(“ » Explicit form of SME: connect with OU process

 Simulations
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fdy

The algorithm of SGD

Solving EMR using the standard gradient descent(GD) on x
gives the iteration scheme. First, define the gradient of f as for all
X=(x1,....xq) €ERY foralli=1...d,

Then we have the recursion
Xk+1 = Xk — NV (xk) = xk — nVE, [£,(xk)]

for k > 0 and 7 is a small step-size known as the learning rate. /
Simple form:

Xkp1 = Xk — NV, (xk)
where each v, is an 1.1.d random variable with the same
distribution as . We then have E[V £, (xk)|(xx)] = VEf(xk).



fd 4 Advantages of SGD

The stochastic gradient descent (SGD) aims at minimizing a function through
unbiased estimates of its gradient. It is an optimization algorithm used primarily for
training large-scale machine learning models. It's a variant of gradient descent, where
instead of computing the gradient of the cost function using the entire dataset (as in
batch gradient descent), it computes the gradient using a small batch of samples.

Batch Stochastic



(
We use the equation of 011 = 0 — vxe((0r. x¢) — yt) to write a
Python code that simulates the SGD dynamics until time
t = 1000, with step-size v = 0.01, initialization 6y = 0, the zero
vector, #* =[0.1,—0.2,1,0.5, —0.5] and o = 0.1. We display the
test error curve upon time ||0; — 0.||> for several runs of the
dynamics (meaning different data), and also display the two first
coordinates of (0;); as well as the ones of §*.
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Figure 4: Test Error Figure 5: Simulation of 0,

Figure 6: Simulation of 0
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fdy

Change the step size to make it depend on the iterations: v = 0.1/t. The

simulation balanced between accuracy and velocity.

Figure 13: Test Error:
Improved
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Figure 14: 0,: Improved

Figure 15: 0y: Improved



%A‘j( What SDE model fits well with SGD:
Stochastic Modified Equations(SME)

match
parameters

General solution of SDE:

If we apply the Euler-Maruyama discretization with step-size ~,
approximating Xy by Xy, we obtain the following discrete

iteration:
Ht-l—]. — Ht = "}b(t 9[-) -+ ﬁg(tgt)Zk

where 7y = B(k+1)~,. — By~ are d-dimensional i.i.d standard normal
random variables. Stochastic Modified Equation: /

Ht L1 — Ht = —"‘,VL(H(-) + ",(VL(Ht) — V/(Ht)) =

ey | d0, = —V1(0;)dt + \/2(0)dB 5c)



fdy

Explicit form of SME: connect with OU process

Simplify the covariance o(f) := \/~02ly. Then the SDE becomes:

dbe = (—(8: — 0%)1d)dt + (\/~021d)dB;
Match each parameter with the OU process:
dgt = 1’17(9 — Ht)dt -+ Uth

We get:
> or=1.

» (0 = ", the long-term mean of the process matches 6*.
» o = +/v0?, the volatility term matches the noise factor.

The mean of the process is E(6;) = 0% + (E(6p) — 0% )e *.

2
. . Yo
The variance of the process is Var(X;) = > (1—e %)
TIIE Process CONverges Lo adussidil ISLripution witn rmedir o did

variance “7-, since the mean reversion term represents a force that

pulls the process back towards the mean #* when 6; deviates from
it.



760!‘1( Simulation 2: OU process with SME

Ornstein-Uhlenbeck Process Simulation

L0 — B_1(t)
: 8_2(t)
— B8_3(t)
0.8 1 — 0.4(t)
— 6.5(t)
0.6 1
0.4 1
5 0.2
0.0 1
—
Mww_ﬁ
-0.2 4 Wiwwww_fﬂ_mﬁwﬂw_“mwm
-0.4
-0.6 1 s
] 20 40 60 80 100

Interations t

Figure 16: Simulation of OU process



3. Score-based Generative
Model with SDE S(x) 2 Vi log pasta (x)

Concepts clarification

Score Matching, SMLD, DDPM
Denoising diffusion probabilistic model(DDPM) with SDE
Score Matching Langevin Dynamics(SMLD) with SDE

Connection between noise and score
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Our objective

. How the estimated score approximates the gradient V, log pq(x), which facili-

tates the generation of new samples from pq, forming the basis of the SMLD

model.

. How the noise scheduling and diffusion process enables the DDPM model to

iteratively generate high-quality samples from the learned data distribution.

How the DDPM and SMLD models are linked through stochastic differential
equations (SDE), with both models using score-based generative techniques to

reverse the noise addition process.



%A‘?( Denoising Diffusion Models

Denoising diffusion models

® Forward / noising process

O Sample data p(X,) = turn to noise

Po(Xo) | pr(Xp)~N(0,]
Clean X X - X X Pure
0 1 / i | ' § .
sample noise

® Reverse [ denoising process

0 -
O Sample noise pr(X7) = turn into data

)

Image source: Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data dﬁrib@nl
arXiv preprint arXiv:1907.05600. 2019. NeurlPS 2019.



fdy

e — , TiaAs = 1T lx: ) Al Ate |
dr = fi(x)dt + gdw | > Lerne = Te + fi(z) At + gV Ate
drift term diffusion term

Denoising Diffusion Models with SDE

dr = lim (r;, A — 24
At >l'l( { )

e ~N(0,1)



fdy

Denoising Diffusion Models with SDE

Forward SDE (data — noise)

@ dx = f(x,t)dt + g(t)dw
—

| éco function
.(— dx = [f(x,t) — ¢° (t)&x log py (xﬁ dt + g(t)dw @ /

Reverse SDE (noise — data)

Image source: Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar, Stefano Ermon, and Ben Poole.
Score-based generative modeling through stochastic differential equations. arXiv preprint arXiv:2011.13456v2, 2020.
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760!‘?( What is Score Matching Langevin
Dynamics(SMLD)?

True score Score Network e e N T N S R R A
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Tip1 = Ty + €V, log p(x;) + V2ez
Diffusion Formula:
=2+ + 6.8‘();(.1',‘) + v 2(-,"4

Image source: Chirag Pabbaraju, Dhruv Rohatgi, Anish Sevekari, Holden Lee, Ankur Moitra, and Andrej Risteski. 5 = 2_
Provable benefite of ccore matchina arXiv nrenrint arXiv-220A8 01002 202



fdy

SMLD with SDE

Diffusion formula
i1 = Ty + €V, logp(x:) + V2ez

= It -+ ('.S‘;;(.I'f) + \/-2—(":f

Forward & reverse SDE

dr = fi(x)dt + gdw

dr = [f(z) — g7V, log p(x)]dt + g,dw

/( Lt, /) =4l
g(t) = Lsp(xy)?



760!‘2( What is Denoising diffusion probabilistic
model (DDPM)?

Poxt1|xt
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Diffusion Formula:
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Image source: Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. arXiv prepn‘nt5 = 2_

arXiv:2006.11239v2. paages 1—4. 13-14. 2020.



fdy

DDPM with SDE

Diffusion formula

Iy — (711.1’(] + vV _l = (7}16
= JouTi_1 + V1 — oue

Forward & reverse SDE

dr = fi(x)dt + gdw

dr = [f(z) — g7V, log p(x)]dt + g,dw



Simulation 3:
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Figure 18: The denoised process of a random image from the MNIST dataset

DDPM

Loss

Training Loss Over Epochs with Standard Deviation (Outliers Removed)
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Figure 19: The convergent average loss for 5 runs
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760!‘?( Connection between noise and score

In the end, we would like to figure out the relationship between noise and score. In
the SMLD model, the score sy(xy,t) is estimated, while in the DDPM model, the
noise eg(x4,t) is predicted. If the correlation between score and noise can be found,

we can train the DDPM model under the framework of SDE by estimating the score.

1
S(}(.I't, f) —_— —— = F()(.I't_. /) /
1 —ap -
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4. Limitations &
Future Directions

« Lack numerical experiments for SMLD

* Need more epoch & samples for numerical experiments

= =<
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