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1. Introduction to Stochastic 
Differential Equations(SDE)

• Clarification of SDE related concepts

• Numerical Methods of Solving SDE

Ito’s formula, Euler-Maruyama method 

• Special SDE cases

Black-Scholes, Ornstein-Uhlenbeck Process



What is SDE?

Numerical Solution of SDE:

• Ito’s formula

(Chain rule for SDE)

Typical model: Black-Scholes

• Euler-Maruyama method
(Approximate solution of SDE)
Typical model: OU process



Ornstein-Uhlenbeck Process 



2. The connection between 
Stochastic Gradient Descent 
(SGD) and SDE

• What & Why SGD

• Connect SGD with SDE: Stochastic modified equations(SME)

• Explicit form of SME: connect with OU process

• Simulations



The algorithm of SGD



Advantages of SGD
The stochastic gradient descent (SGD) aims at minimizing a function through 

unbiased estimates of its gradient. It is an optimization algorithm used primarily for 

training large-scale machine learning models. It‘s a variant of gradient descent, where 

instead of computing the gradient of the cost function using the entire dataset (as in 

batch gradient descent), it computes the gradient using a small batch of samples.

Batch Stochastic



Simulation 1: SGD

x-axis: time(t/s)

y-axis: test error/ theta1 / theta2
Simulation for variance & step-size change

Accurate 

but slow
(step-size
small)

Too quick

(step-size
big)



Simulation 1: SGD



What SDE model fits well with SGD: 
Stochastic Modified Equations(SME)



Explicit form of SME: connect with OU process



Simulation 2: OU process with SME



3. Score-based Generative 
Model with SDE

• Concepts clarification

Score Matching, SMLD, DDPM

• Denoising diffusion probabilistic model(DDPM) with SDE

• Score Matching Langevin Dynamics(SMLD) with SDE

• Connection between noise and score



Our objective



Denoising Diffusion Models

Image source: Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution. 

arXiv preprint arXiv:1907.05600, 2019. NeurIPS 2019.



Denoising Diffusion Models with SDE



Denoising Diffusion Models with SDE

Image source: Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar, Stefano Ermon, and Ben Poole. 

Score-based generative modeling through stochastic differential equations. arXiv preprint arXiv:2011.13456v2, 2020.



What is Score Matching Langevin 
Dynamics(SMLD)?

Diffusion Formula:

Denoising

Image source: Chirag Pabbaraju, Dhruv Rohatgi, Anish Sevekari, Holden Lee, Ankur Moitra, and Andrej Risteski. 

Provable benefits of score matching. arXiv preprint arXiv:2306.01993, 2023.



SMLD with SDE

Forward & reverse SDE

Diffusion formula



What is Denoising diffusion probabilistic 
model (DDPM)?

Diffusion Formula:

Image source: Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. arXiv preprint 

arXiv:2006.11239v2, pages 1–4, 13–14, 2020.



DDPM with SDE

Forward & reverse SDE

Diffusion formula



Simulation 3: DDPM



Connection between noise and score



4. Limitations & 
Future Directions

• Lack numerical experiments for SMLD

• Need more epoch & samples for numerical experiments



Thank You!

Ruiqi Ge(Selena)  rg4012@nyu.edu
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